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Abstract

In this research, we make use of the concept of large contraction and
Krasnoselskii fixed point theorem to show that the totally nonlinear infinite
delay Volterra integro-differential equation

t
©(t) = — alOh(x(t) + j B(t, $)g(x(s)ds + pl0),

has a periodic solution. The need for the use of large contraction arises from the
nonlinear term a(t)h(x(t)). Several examples will be provided as illustration of

our results.
1. Introduction

In this paper, we use a modified version of Krasnoselskii’s fixed point
theorem and show the highly nonlinear infinite delay Volterra integro-

differential equation
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() = — alh(x(t)) + jtw B(t, s)g(x(s))ds + plt), (1.1)

has a periodic solution. Throughout this paper, we assume all functions

are continuous on their respective domains.

Since we are dealing with the existence of periodic solutions of
Equation (1.1), it is natural to ask that for the least positive real number

T, we have
at +T) = alt), p(¢ + T) = p(¢t), and Bt + T, s + T) = B(¢, s), (1.2)

for all ¢ € R. Since Equation (1.1) is totally nonlinear, to invert it into an
integral equation problem, we will have to add and subtract a linear

term. For some particular functions h(x), this process destroys the

traditional contraction property for one of the mappings in
Krasnoselskii’s theorem. But the process replaces it with what is called a
“large contraction”. For more on the existence of periodic solutions, we
refer the readers to [2], [3], [4], and the references therein. Next, we state
Krasnoselskii’s fixed point theorem. For its proof, we refer the readers to
[6].

Theorem 1 (Krasnoselskii). Let M be a bounded convex nonempty

subset of a Banach space (B, ||-|). Suppose that A and B map M into B
such that

1) x, y e M, implies Ax + By ¢ M,

(i1) A is compact and continuous,

(111) B is a contraction mapping.

Then there exists z € M with z = Az + Bz.

Concerning the terminology of compact mapping used in this
theorem, we mean the following. Let A be a mapping from a set M into a

topological space X. If A(M) is contained in a compact subset of X, we say

that A is compact.
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Definition 1. Let (M, d) be a metric space and B : M — M. B is
said to be large contraction if ¢, ¢ € M, with ¢ # ¢, then d(B¢, Bp) <
d(¢, @) and if for all &€ > 0, there exists ad <1 such that

[0, ¢ € M, d(d, ¢) 2 e] = d(B9, By) < 3d(9, ¢).

The next theorem is appropriate for our equation since it requires a

large contraction instead of contraction.

Theorem 2. Let M be a bounded convex nonempty subset of a
Banach space (B, || -|). Suppose that A and B map M into B such that

1) x, y e M, implies Ax + By ¢ M,

(1) A is compact and continuous,

(111) B is a large contraction mapping.

Then there exists z € M with z = Az + Bz.

We shall see later that the concept of large contraction in Theorem 2

is necessary when A(x(t)) = x°(t).

2. Existence of Periodic Solutions

Define Py ={pe C(R,R): ¢t +7T)=o¢(t)}, where C(R, R) is the
space of all real valued continuous functions on R. Then Py is a Banach

space, when endowed with the supremum norm

el = sup |x(@)] = suplx()]-
te[0,T] teR

The next lemma is essential to the construction of our mapping that is
required for the application of Theorem 2. To have a well behaved

mapping, we must assume that
T
J a(s)ds # 0, (2.1)
0

throughout this section. Let the mapping H be defined by



100 YOUSSEF N. RAFFOUL
H(x(w)) = x(u) - hx(w)). (2.2)
Lemma 1. Assume (2.1). If x € Pp, then x(t) is a solution of
Equation (1.1), if and only if

HTa(s)ds

-f

t+T e U u

x(t) = J t W(a(u)H(x(u))+ I_wB(u, s)g(x(s))ds + p(u)]du.
1-e

2.3)

Proof. Let x € Py be a solution of (1.1). We rewrite (1.1) in the form
t
x'(¢) + a(t)x(t) = a(t)H (x(w)) + J. B(t, s)g(x(s))ds + p(t).

t
a(s)ds
Next, we multiply both sides of the resulting equation with e'[0 , and

then integrate from ¢ to ¢ + T to obtain

It+Ta(s)ds J.éa(s)ds

x(t+T)e’® —x(t)e

u

t+T u J.Oa
= [ [atH @) + [ Bl s)a(s)ds + pw))e

(s)ds

It+T a(s)ds I()Ta(s)ds

Using the fact that x(t + T) = x(¢) and e’ =e , the above
expression can be put in the form of Equation (2.3). The proof is complete

by reversing every step. O

First, we note that for ¢ € [0, T] and u € [t, t + T], we have

J.HTa(s)ds jsT\a(s)\ds
e

=M. (2.4)

<
T - T
1 efj.o a(s)ds ‘ - ef.[o a(s)ds

Let J be a positive constant. Define the set
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My ={o e Pp:|o| <J}. (2.5)

Obviously, M is bounded and convex subset of the Banach space Pp.
Let the map A : My — Pp be defined by

—I;+T a(s)ds

(o)) = [ o B st - e, @9
1-e°

for ¢t € R. In a similar way, we set the map B : Mj; —» Pp

—I;+T a(s)ds

B0 - | t”Tma(u)H(w(u»du, ‘R @7
1-e 0

It is clear from (2.6) and (2.7) that A¢ and By are T-periodic in ¢.

We assume that g(x) satisfies local Lipschitz condition in x, i.e., there

1s a positive constant & such that
lg(z) - gw)| < k|z — w|, for z, w € M. (2.8
Then for ¢ € My, we obtain the following:
|lg(e@))] = |2(e()) - (0) + £(0)|
< |g(o()) - &(t, 0)] + [g(¢, 0))
< kJ +1g(0)]. (2.9

For simplicity, we let

Lemma 2. Suppose that there exists a positive constant L such that

[ "B, s)|ds < L, 2.10)

then the mapping A, defined by (2.6), is continuous in ¢ € M.
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Proof. Let ¢, 9 € M ;. Then, from (2.6), we have

P U
406 - A(0)] < || S———— [ B, s)e(b(s))dsdu
t ) _J.O a(s)ds ¢ —©
—e
t+T
t+T e_-[u a(s)ds u
_ j R I B(u, s)g(o(s))dsdu|
t _IO a(s)ds ¢ —©
l1-e
t+T
t+T e J.u a(s)ds u
<[ S| 1B 9)lls@(6) - glofs)|dsdu
t —J. a(s)ds ¥ —©
1-e’°
< MLKT]o - o,
where M is given by (2.4). O

In next two results, we assume that forall £ € R and y € M

J-t+T

+T - a(s)
0| lal|HOGw)| + LES +gO))]e "

ds
du < J, (2.11)

where oJ 1s defined by (2.5).

Lemma 3. Assume (1.2), (2.1), (2.8), (2.10), and (2.11). Then A is

continuous in ¢ € My and maps M into a compact subset of M ;.

Proof. Let ¢ € M ;. Continuity of Ain ¢ € M follows from Lemma
2. Now, by (2.9), (2.10), and (2.11), we have |[(A¢)(t)| <. Thus,
Ap e My. Let ¢; e M, i =1, 2,.... Then from the above discussion, we

conclude that
[Ag; [ < J.

This shows A(M ) is uniformly bounded. Left to show that A(M;) is

equicontinuous. A differentiation of (2.6) with respect to ¢ yields
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(40;) @) = | - alt) (A0;) ¢)

t+T
Bz, s)g(¢(s))ds

1
+ e —
1 e—j()Ta(s)ds J.—OO
—I;+T a(s)ds
e t
e[ Bt 9s(o(s))ds|
1 e_IO a(s)ds ¥ -

< [lall| Ag; || + L(n + M) (kJ +8(0)]) < @,

for some positive constant . Thus, the estimation on |(A¢; ) (¢)| implies
that A(M_ ) is equicontinuous. Then using Arzela-Ascoli theorem, we
obtain that A is a compact map. The proof is complete. O

Next result gives a relationship between the mappings H and B in

the sense of large contraction.

Lemma 4. Let a be a positive valued function. If H is a large

contraction on My, then so is the mapping B.

Proof. If H is a large contraction on My, then for x, y € M, with

x # y, we have |Hx — Hy|| < ||x — »||. Hence,

t+T
T —j. a(s)ds
e
|Bx(¢) — By(t)| < L W a(u)H(x)(w) - H(y) (u)|du
1 e 0 als)as
_ t+T - HTa(s)ds
< — "3:[ TZL)_ds Jt e Iu a(u)du
1-e°

% = 51

Taking supremum over the set [0, T'], we get that |Bx — By|| < ||x -y

One may also show in a similar way that
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1Bx — By| < 3}x - 5]
holds, if we know the existence of a 0 < & < 1 such that for all ¢ > 0
[x, y e My, |x — || =2 €] = |Hx — Hy| < §lx - y].
The proof is complete. d

Theorem 3. Assume the hypotheses of Lemmas 1-4. If B is a large

contraction on My, then (1.1) has a periodic solution in M j.

Proof. Let A and B be defined by (2.6) and (2.7), respectively. Then
using (2.11) and the periodicity of A and B, we have for ¢, p € M that

Ao+ By : My —» M.

Hence an application of Krasnoselskii fixed point theorem implies the

existence of a periodic solution in M. This completes the proof. O
3. Examples

In this section, we provide several examples as application to our
theory. In the first example, we explicitly define A and then show that the
function H defines a large contraction. The next example can be found in

[1]. For completeness, we give the full details here. First, we begin with

the case h(u) = u®.
Example 1. Let |.| denote the supremum norm. If
M ={:¢eCR R)and |¢| <5/4],

and h(u) = u5, then the mapping H defined by (2.2) is a large contraction
on the set M.

Proof. For any reals a and b, we have the following inequalities:
0<(a+b)! =a*+b*+ab4a? + 6ab + 4b2),

and
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4 4 272 4 4
—ab(a® +ab+b2) <& Zb +a2b <4 ;b .

If x, y e M with x = y, then [x(t)]* + [y(t)]* < 1. Hence, we arrive at

5 5
u-—-uv

= Ju -1 - u* —v* —u(u® + uv +0v?)]

|H(w) - Ho)| < |u - vl

4 4
S|u—v|{1—%}§|u—v|, (3.1)

where we use the notations u = x(¢) and v = y(t) for brevity. Now, we
are ready to show that H is a large contraction on M. For a given

e € (0, 1), suppose x, y € M with |x — y| > &. There are two cases:

(a) % < x(t) — ()|, for some ¢ € R,
or
(b) l(t) - ¥(2)| < % for some ¢ € R.
If% < |x(t) - ¥(t)| for some ¢t € R, then
(e/2)" < |x() - y@)|* < 8(x(e)" + y(2)")
or

4
e
x(t)t + ()t = e

For all such ¢, we get by (3.1) that

[H (x(2)) = Hy ()] < |x(2) = ()| (1 - ;—i}
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On the other hand, if |x(¢) — y(t)| < % for some t € R, then along with

(38.1), we find
H(x(0) - HOO)] < [¢0) - 50)] < S - .

Hence, in both cases, we have

4
|H(x(t)) - H(y(¢))| < min {1 - %} I - 1.

4
Thus, H is a large contraction on the set M with 8 = min {1 - 8—7, %}
2
The proof is complete. g

Next, we make use of Example 1 and Theorem 3 to show that the

totally nonlinear infinite delay Volterra integro-differential equation

¥() = ~a(x’@) + [ th(t, S35 (s)ds + plt), 3.2)

has a T-periodic solution. First, we assume that

J~t+T

T u — a\s
4(5—5/4)+nj':+ (5—5/4J’_ |B(u, s)|ds +|p(w)])e * ©

ds
du < 5714,

(3.3)

Example 2. Let the set M be a subset of Pp and defined as in
Example 1. Assume (1.2), (2.1), and (2.8). Suppose a(t) > 0 for all ¢. If

(3.3) holds for all ¢ € R, then Equation (3.2) has a T-periodic solution in
M.

Proof. Set

g(x) = x°,
and

hp(w) = v°(w),
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and define the mapping B as in (2.7). First, for x € M, we have
k@) <5724

Accordingly, define the two mappings A and B by (2.6) and (2.7),
respectively. It is easy to see that

|H(x(t))] = |x(t) - x(t)°] < 4(572'*), forall x e M.
For ¢, ¢ € M and for a(t) > 0, we have

|(Ad) (2) + (Be) (¢)]

4(5—5/4 ) jt+T —J. HTa(s)ds

—ITa(s)ds t a(u)e ** du
0
—e

1

J-tJrT

t+T u - a(s)ds
enf 6 B 9)ds + p())e

du

(4T B t+T d
a5y o 5 B, s ot
t —0

<514 = J by (3.9).

Thus, (2.11) is satisfied. Since a is assumed to be positive valued, we get
by Lemma 4 that B is a large contraction on the set M. O

Example 3. Let the set M be a subset of Pp and defined as in
Example 1. Assume (1.2), (2.1), and (2.8). Suppose a(t) > 0 for all ¢. If

there exists a positive constant D such that
D51 | ;|B(t, s)|ds + [p(t)]) < aft), forall ¢ € B,
and
457574y 4 % <51/4,

then (3.3) has a T-periodic solution in M.
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Proof. We already know that H defines a large contraction. For
¢, ¢ € M and for a(t) > 0, we have

I(A9) () + (Bo) (¢)]
_5/4 T N t+Ta d
- als)as
1-e¢ 9
1 t+T u —::Ta(s)ds
+WL (5 5’4j | B(u, 8)) ds+|p(w)|)e J du
—|. al(s)ds —®©
1—e 0
—I;JrTa(s)ds

t+T
TR L O NG P
t

1 e—IOTa(s)ds

_a(r-5l4y, 1 o174
=4(5 )+D_5 =,

which implies that (3.2) holds. The rest of the proof follows from Example
2. O

We note that in the paper of [1], the authors gave a theorem in which,
they classify all type of functions A so that the function H(x) = x — h(x)

defines a large contraction.
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